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Abstract

A computer program has been written for the derivation of
(3 + 1)-dimensional symmetry operations from the two-line
symbols. The derivation is based on the concept of gencrators
- {[F(RE), ¢, 8, 1, @lv=1, NG}, in which {[I'(R}),
s')jv = 1. NG} denotes the sct of generators of the basic space
group represented by the upper line. The program, called
SPGR4D, is written in Fortran77 and based on thc program by
Burzlaff & Hountas (1982) [/L Appl. Cryst. (1982), 15,
464—467] for the derivation of symmetry operations in three-
dimensional space. SPGR4D has been incorporated into a new
version of the direct-methods program DIMS for solving
incommensurate modulated crystal structures.

1. Introduction

The multidimensional reprcsentation of an incommensurate
structure is characterized by the existence of at least four
independent translation vectors, three of which describe a
conventional three-dimensional lattice, while the additional
ones describe the periodicity of modulation and are incom-
mensurate with the first three. Because of the incommensurate
property, there is no three-dimensional space-group symmetry.
It has been shown, however, that a modulated structure can be
depicted as a section through a (3 + d)-dimensional periodic
structure having a superspace group in (3 4 d)-dimensional
space (de WolfT, 1974, 1977; Janner & Janssen, 1977). For the
simplest case, in which there is only one additional dimcnsion,
the incquivalent (3 + 1)-dimensional superspace groups were
found and tabulated for 24 classes of Bravais lattices (de Wolff,
Janssen & Sanner, 1981). The list was further checked and a few
corrections werc made by Yamamoto, Janssen, Janner & de
Wolff (1985), giving in total 775 inequivalent (3 4 1)-
dimensional superspace groups. The full classification has also
been given for incommensurate crystals with additional
dimensions d of less than four, The introduction of multi-
dimensional description together with supcrspace symmetry

transformations is important in the structure determination of -

incommensurate crystals (Yamamoto, 1982). At present, the
superspace-group formalism has been widely accepted and used
in both classification and structure determination (Janssen,
Janner, Looijenga-Vos & de Wolff (1992). A number of
multidimensional least-squares programs, REMOS, JANA and
MSR [see, respectively, Yamamoto (1991), Petricek, Maly &
Cisarova (1991) and Paciorek (1991) and references therein),
have been wrtten to solve and/or refine incommensuratc
modulated structures. A direct-methods program DIMS (Fu &
Fan, 1994) has been constructed to solve the phase problem of
one-dimensional incommensurate structures, which is based on
a multidimensional modified Sayre equation (Hao, Liu & Fan,
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1987). Up to now, however, most structure-analysis program
systems for incommensurate crystals have required the input of
multidimensional symmetry operations. This 1s very incon-
venient and can easily cause errors. To avoid this disadvantage,
it is desirable to have a computer program that automatically
provides the symmetry operations. In this paper, an approach 1s
proposed for the derivation of symmetry operations from the
(3 + 1)-dimensional superspacc-group symbols (the fwo-line
symbols). Based on this, a computer program SPGR4D has
beecn written, which can casily be incorporated into other
program packages. In fact, it has already been incorporated into
the new version of the program D/MS.

2. Theoretical background

According to de Wolff (1974), a one-dimensional incommen-
surate crystal structure is represented by the periodic structure
defined in the direct sum space ¥; = V, @ ¥, with basis (a, b, ¢,
e,), where e, is the unit vector perpendicular to the three-
dimensional physical spacc V,, while (a, b, ¢) forms the basis of
the basic lattice. A vector in ¥ can be expressed as

X=xa4+yb+zc+te,. (1)

Positional defined quantities now depend not only on
r=xa+yb+zc but also on ¢, for example, the electron
density p(r) now corresponds to p'(r,t) with p'(r,7 =0) =

p(r). The superspace symmetry operation G{gg, g;) has the
form (de Wolff, Janssen & Janner, 1981):

gef > r =Rr+s (2)
gtot=st+d-q s=¢t+7—4q;-8 3)

with (ﬁ
t1=0—-gq,-s and q=gq, +q; (4)

Here, (Rg, 8) is a space-group operation in conventional three-
dimensional space, with R, standing for the rotation and s for
the translation. £ = X1 and d is a parameter that is an integer for
all translations. q is the modulation wave vector. 7 is the
intrinsic rational increment in ¢, which is the most convenient
parameter for characterizing g, in superspace-group symbols as
well as for characterizing extinction. The combinations (Rg , £ )
are restricted by the following relations (de Wolff, 1977):

€q;, ~ Rgq, =0 (5)

and
gq, — Rcq, = n*, (6)
where q; and q, are mutually perpendicular components of q.
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The coordinates of q, are simple rational fractions with respect
to the basis of the basic lattice, whereas those of q, are irrational
ones. n* is a reciprocal vector of the basic lattice. Equation {4)
poses a restriction on q also.

For one-dimensional imcommensurate modulated structures,
there cxist 775 inequivalent groups (de Wolff, Janssen &
Tanner, 1981; Yamamoto, Janssen, Janner & de Wolff, 1985).
Each of these 1s uniquely denoted by a two-line symbol, such as
A4mmT The upper line contains the Hermann—Mauguin symbol
for the basic space group. Below each generator gp of the
symbol, there is the corresponding g, indicated by the intrinsic
parameters in the following way. If ¢ = —1, there 1s always an
origin such that T vanishes. Thus, g, is indicated by 1. Forg = 1,

t 1s invariant under a change of origin, and its value is one of

the following:

1= 0
Symbol 1

1 } 1
+l o+ 4l

1
z
s t g h

(7)

The prefix 1s selected to denote the q, vector [see equation (4.4)
of de Wolff, Janssen & Janner (1981)].

The lattice of a periodic structure in direct sum space ¥y
spanned by (de Wolfi, 1974}

a,=a—gqge,

a, =b — ¢, ®)
a, =c—ge,
34 =e_4

1s left invariant by the group of orthogonal transformations
{(which may be called a superspace point group) associated with
the superspace group. (a, b, ¢, ¢,) and (a,, a,, a,, a,) are two
sets of basis vectors in F. They are related by an invertable
4 x 4 matrix T:

(a,,8,,85,8,) =(a,b,ce)T, {9)
where
R 0 0 07
T 0 1 0 o,
¢ o 1 0
-7 ¢ -4 1_
1 0 0 07 (10)
_1 0 1 0 0
" =16 01 0
7 ¢ ¢ 1]

Thus, the superspace symmetry transformations with respect to
the basis (a,, a, , a;, a,) can be deduced from (2} and (3), which
have the form (Janner, Janssen & de Wolft, 1983)

GRIVX = FR)X +v, (1)

with
F(R) = [qﬂjf;) ﬂ (12)

and
v = [ ; } : (13)

where

I'R)= oI'(Rg) — &0
= [0, I(Rg) — €0, ]+ [0, (Rg) — ¢0/]

and I'(Ry) 1s the 3 x 3 matnx of K. With the restniction

(14)

o, l'(Rg) —eo;, = 0, (15)
I,;(R) can be wniten as
I'y(R) =0, I"'(R;) — ea,. (16)
Here, ¢ is defined by
c=(¢.¢".9)
=g, .99+ .49, 9)
=0,+ 0. (i7)

3. The approach

Superspace groups are denoted by a two-line symbol, which
consists of three parts. The prefix represents the component q,
of the modulation wave vector g, the upper ling is the
Hermann—Mauguin svmbol of the basic space group and the
bottom line indicates the component g, of the superspace group
symmetry operation G{g., g;). In this section, an approach is
described for the derivation of (3 4+ 1)-dimensional superspace
symmetry operations from the two-line symbol based on the
concept of generators. As mentioned above, a superspace-group
symmetry element consists of R, &, 5, T and q, from which the
operation can be set up following (2) and (3) or following (11).
A detailed investigation of the (3 + 1)-dimensional superspace
groups led to the conclusion that symmetry operations of each
of these groups can be completed from a set of generators
(IF{R), ¢, 8%, t, q})lv = 1, NG}. Here {[I"(R}), ")y = 1, NG}
forms the set of generators for the basic space group
represented by the upper line. The procedure to obtain the
generating sets 13 given below.

3.1. Derivation of generators for the basic space group

The Hermann-Mauguin space-group symbols can be re-
garded as symbols for a sct of gcenerators of the group
(Mauguin, 1931). The notation components can be divided mnto
two categories: (i} components that represent the type of
generating operations (generators) that comprise the generating
set mentioned above; (ii) components that serve as indicators
for the mutual oncntation of the related symmetry elements
(Hermann, 1931). A detailed mmvestigation of the conventional
space groups has been given by Burzlaff & Zimmermann
{(1980). On the basis of their investigation, a computer program
for the derivation of symmetry operations from the space-
group symbols was constructed (Burzlaff & Hountas, 1982),
which can be used to provide the set of generators
{[l(R:),s")|[v=1,NG} for thc basic spacc group. Here
F'(R;) 18 a 3 x 3 rotation matrix, s* i5 the corresponding
translational part, while NG stands for the number of generators
in the set. This generating set is the starting point for the
derivation of superspace groups.
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Table 1. Examples showing the input format for space groups

Space group Input format
b : P[E 2/B]5 -1
P"f 7 (c unique) (B 2/B]
2 : - .
PA,'? (b unique) ria 2/A]5 -1 ' B

B‘Pﬁ‘{ (¢ unique) B[P C 2 Al1 -1 -1

C™2 (b unique)

DP** (a unique)

11

cje B AZ2]1-11 -1 1B

a[p 2 C B]-1 -1 1 A

3.2. Determination of &' in the generating set

Equation (35) or equation (15) imposes a strong restriction on
e. It can be shown that, for a given Bravais class, £ in the
combination (R, £) is uniquely determined by R For Bravais
classes with ¢, = (0, 0, ), we have ¢,I"(R;) = ';3(Rg)a,, thus
& = I';;(R;). For Bravais classes with o; = (2, £, 0), a,.'(Rz) =
I'y(Rg)o; = T'y(Rp)o,, leading to e = I'y 1 (Rg) = I'p(Rg) . If
o, = (o, B,7), we have o,I'(Rz) = Iy3(Rg)e,, which occurs
only in Bravais class P!, thus e = I'),(Rp) = Tp(Re) =
I';;(Re). For different settings in the cases of monoclinic and
orthorhombic classes, the relations between ¢ and I'(R;) in the
combination (R, &) can be easily deduced as above. A table of
values in the combination (R, &) for the 24 Bravais classes can
be found in Appendix A.

3.3, Setting up t* values

The value of Tt defined in (4) is called the intrinsic rational
increment in ¢. It has the following properties (de Wolff, Janssen
& Janner, 1981): if ¢ = 1, 7 is invanant under a change of onigin
and always has one of the values in (7); if ¢ = —1, there 18
always an origin such that 1 =0. On the basis of these
properties, the values of =¥ in {[I"(R}), £, 8", °, q)|v = 1, NG}
can be assigned by interpretation of the bottom line as follows:

() If &' = 1, 7% is assigned according to (7).

(i) Ife' = —1 and all &# = 1 (u # v), then 7" can be assigned
to O, which is associated with the origin being fixed in the
fourth dimension. In some cases, however, other values may be
preferred. For example, the superspace group P’/ T has two
generators [I1(2,), 1, 0, ©(2,, 1), (0,0, )] and [I"(m.), —1, 0,
1,0, 0, y)]. Here, 1(R;, &) indicates that 7 is associated with the
combination (R, €). If 7(2,, 1) is assigned to 0, then z(1, 1) = 4,
whereas 1(2,, 1) = 1 leads to 7(1, 1) = 0. The latter assignment
is preferred.

KONQLZLINTC
PIB Z/B)]1 -1
HoooU 120 L2

EYMMFTRY CLAYNY:
SUPERSPALE GHOUP:
SYMMETRLLAL QPERATTOM:

1 9 5 0 .02 -1 o ¢ © .00 B # N & B B & 13 -1 0 0 g .00
9 1 o o ,0D oD-1 0 0 .50 01 0o g ,h0 0-1 ¢ § .od
o o 1 G .00 g o 1 oo .do n o=1 9 .99 0 d - g .aa
oo o 1L .,oo coo o 1 .40 g o o-1 .99 ¢ 49 ¢ -7 .40
SYMKETRY CLASS: ATHORECMBIC -
SUFERSFACE GROLL C[F M AA -7 T 1:A
SYMMETR1GCAL CUERAATION:
1 ¢ ¢ ¢ GG -. L Cc C .Co 1 ¢ ¢ 0 .50 1 ¢ 9 ¢ .30
£ T ¢ ¢ .0 ¢c 2 Cc o .00 a -1 o0 9 00 9 1 4 49 .00
r ¢ . ¢ .CC cC ¢ 1 o .00 a o 1 ¢ .00 g9 =1 0 .00
C G o . GG c o 1-1 .00 a o 40 1 .00 g 09-1 1 .00
- o 0 O .50 -1 0 0 0 5] 1 9 9 a .00 1 2 2 2 2D
0c=-1 0 0 .00 o 1 90 9 .29 4-1 9 2 .2 J-1 o 2 .33
o o5 1 4 00 o 0-1 9 .MM aa-1 0 .0 3 00-1 3 .3
g9 8 1 -1 .00 g 9 a2-1 .79 3 9-1 1 .3 J 82 2 -1 .00

Fig. 1. Part of the text file OUTPUT.DAT.

(iii) When dealing with a generating set having two elements
and both the corresponding values of ¢ equal to —1, we must
use caution, This only occurs when the superspace group
corresponds to the point group $%[3], [}]$% or [fﬁ]%f In this
case, the two ? operations are selected as generators, while the
operation in the squarc brackets serves as the indicator. If the <
associated with the indicator is not equal to 0, then 7! and 7% in
the generating set cannot be assigned to 0 simultaneously, or the
set will not make this group. An appropnate way to overcome
this difficulty is to assign the 7 valuc of the indicator to one of
the generators. A list of 7" values assigned for use m the
programm SPGR4D is given in Appendix B.

34. About qor o

Following the prefix notation (de Wolff, Janssen & Janner,
1981), the rational part q, or o, of q can be casily obtained by
interpretation of the prefix in the two-line symbol. The
irrational fraction q; or o; is not used when the superspace-
group operations are constructed on the basis (a,, a,, a,, a,). If,
on the other hand, the operations arc to be set up on the basis
(a, b, ¢, ¢;), then q; must be given.

Following the above scheme, the generators {[I'(R}), ', §*,
1, @)lv = 1, NG} can be set up for each of (3 + 1)-dimensional
SUpEerspace groups.

4. Example

Consider the supcrspace group W™/ =" The basic space group
is P4,/nnm. The generating set "of 'the basic space group
consists of nnm, which stand respectively for a glide plane
perpendicular to the reference direction [001], a glide plane
perpendicular to [100] and a mirror plane perpendicular to
[110]. The screw axis 4, associated with the reference dircction
[001] serves as an indicator. Choice of the origin at the inverse
centre gives the three generating operations:

i

00 i
n[001] O L O 1
0 0 1 0
1 0 0 0
all0l] 0 1 0 3
001 3
and
) 010
m{110] 1 0 0 2
0 0 1 0

where the 3 x 3 matrix is the rotation part while the 3 x 1
matrix stands for the translation vector s. Values of &' combined
with the above three operations are —1, 1 and 1, respectively.
The corresponding 1° are assigned respectively to 0, } and 3
according to the bottom line. The prefix W indicates
q, = (i%, 1,0). By (4), the three values of § arc calculated to
be 1, 1 and 0. Then, I",,(R) for each combination (R}, ¢") is
calculated from (16). Thus, the three generating operations of
this supcrspace group are set up as follows:
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Table 2. & values in the combination (R, ¢) for 24 Bravais classes

Column 1 lists the numbers of the Bravais class. Column 2 lists the symbols of the Bravais class together with the components
(o, 8,7} = (g}, g/, g7} of the vector q;. Different settings for the monoclinic and orthorhombic classes are listed with (a), (5) and (¢) denoting,
respectively, the a, b and ¢ unique settings. I', stands for the uth row and pth column of the rotation matrix T'(Rp).

Bravais class & value

No. @ (a) (&) (c) (a) )
l PP(afy) 'y

2 P (@p0) PE™0By) PPH™ (ally) Iy Iy I'y3
3 C'?’IT(ﬁﬁﬂ) A?!T(ﬁﬁ?) B?IT(?EO}') ) T2 33
4 P (2 0) PEYR(08) P’ ,?ff('-'ﬂﬂ}‘) Fy Iz I3
5 P77(007) PP2%(200) PP (080) I Ty P
6 A7 (00y) B"2%(200) C"7(0p0) T3 Iy [y
7 P27 (00y) PE2™(200) P (040) [3; My 2
8 B (00y) CH (@00) A*4/7(050) I3 Y [
9 PFmmm (00y) PP2mm (200) PPman(040) I ry Iy
10 BPTmm(00y) CPrmm(@00) APmEm(0,80) s I, Iy
11 WP (00) U (#00) VP (050) T3 Ty Ty
12 . (007) Piram(00) P (00) T I [
13 e (L)) PATR (00) Pommm(00) 33 ry T
14 LEmmm(00y) MAT™ (%00) NEmEm(040) T | Ty
15 P (007) Ll CT) PEmmm (080) T3 'y o
16 AATmE(007) Bo7mm(200) COMPR(0,50) - r, [y
17 PImmR(G0y) P {(c00) PImEE(080) | T |
18 Lmmm(00y) MEmmm (200) NFmmm(050) 3 r, Iy,
19 PR (00y) [s3
20 ol 00y) s
21 PHYT N 007) 33
22 P Rii'T({}U)’) I's3
23 RE™(007) Las
24 PP (00y) Tss
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Table 3. ¥ values assigned for use in the program SPGR-4D

Bottom line in the two-line

Point group

Bottom line in the twe-line

Point group

symbol

e B R IS R [2F

o —ra—ira T — | —t

o O o O D O O oemien OO ) eien

— et b — g

= O O D i D D ey

oo 0 Qe

o T e T e PP SO o [PSE P R e I e T e TN - TR - USRS F N Y - TR PR - PR P e QU 1

— — e p—
—_—r - — —
(v | v | — | | v— N - S e Lo B o T B . T A A L -
e W
Uﬁ“&@@lf.l]f — o e o g, o wy v v el e e [
3 8« ~ = E E =
A 4! (L a Pl n st " (o’ L ! o o 1o ey O
o g 5 =y &2
[ PPN o RSP VI . RSP VI - B - R SO P NE: L — T — NP S [ - B S [ RPN R

_—
Gy T
e —

(1)
(1)

o T
b — En
AT - [orat |y [ |y | o] i |t ] |

A =
§ v |

— Ly el [ | [ o LA M A s e e D e e g o T

2/m

e N W
| vt |y | q—

mm(2)
m(2)m
(2ymm
mmm

22(2)

D o Do OO OC OQ—inimalo

- T -l

(e B ne TR s QPSS RN P VY [V e B o QTR P e [ e IR e O === T Y B PR e

D ) e ) O O O O AMeS R i e e e oo D

o QPN e PSR e T e B e R ¥ S T o e QST s NP N e QP WL P o QY P PR P R BV . QPRI VAT - R L

[t |yt |yt [ = o m oy e | — oy — L Dy e

6/m
(6)22
(6)mm

= 2 8 D mindea e OO e el b el R ey e =i

0O D D D lodele] B e o = jeder o =0

v Jomm jmem =t = = v g Lp o=t O Qe pn O e e

(M
(5)
(q)
(1)
(1}

A, i, A
e et St e ma e

@

— e,
282

4/m
(422
(Amm
(4)m?2
(4)2m
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10 00 |
0100
0010 0’
1 1 0 1 1
1 000 O
0100 I
0010 3
1 0 0 1 :
and
o100 !
1 000 I
0010 0’
0 0 0 1 0

from which all the other 13
derived,

symmetry operations can be

5. The program

The program SPGR4D 1is written in Fortran77 and designed as a
subroutine that is easily called by other programs. SPGR4D
derives generators associated with the basis (a,, a,, a;, 2a,)
according to a two-line superspace-group symbol input by the
user. The program divides the superspace-group symbol into
three parts: the prefix, the upper line and the bottom line. The
program by Burzlaff & Hountas {(1982) is incorporated into
SPGR4D for the interpretation of the upper line. If the whole
input symbol is one of the 230 conventional space groups, then
SPGR4D (actually the program of Burzlaff & Hountas, 1982)
will work out the generators in three-dimensional space.
SPGR4D produces a complete set of symmefry operations.
The rotational parts, I'(R) in (11), are stored in the integer array
ROT(48, 4, 4). Translational parts are in the integer array
TSL{48, 4). Components of v in (11) are obtained from

TSL(48, 4) modulo 24. Basic translations associated with the .

centring of thc lattice are stored in the integer TCL(4, 4) in the
same way as that in TSL(48, 4). All the results, transformation
matrices and basic translations are written to an output text file.
It is assumed that the input information consists of the correct
two-line symbols defined by de Wolff, Janssen & Janner (1981).
No full control for internal consistency is performed. However,
SP(GR4D undertakes some checking on the bottom line. For
example, """ will be checked as an incorrect symbol and the
user will be asked for a correction. For monoclinic and
orthorhombic superspace groups, the default setting is assumed
as ¢ unique. Nonstandard settings should be declared with a
note (A for a unique and :B for b unique) next to the symbol.
The input format of a two-line symbol is:

prefix [3D space-group symbol] bottom-line note,

in which the format of ‘3D (three-dimensional) space-group
symbol’ is the same as that used by Burzlaff & Hountas (1982).
Some examples are given in Table 1. A simple program for
calling SPGR4D is listed in Appendix C. With the input file

INPUT.DAT containing a list of the 1997 (3 + 1)-dimensional
superspace-group symbols, the program produces a full list of
symmetry generators for all these space groups in 2 min when
running on an IBM 386/33-compatible personal computer. The
results are written to a text file QUTPUT.DAT, part of which is
shown in Fig. 1.

APPENDIX A4

Table 2 shows the ¢ values in the combination (R, &) for 24
Bravais classes.

APPENDIX B

Table 3 shows the 7" values assigned for use in the program
SPGR4D.

APPENDIX C
A simple program calling the subroutine SPGR4D

C MAIN
INTEGER ERR,SYMBOL(RO) ,ROT(48,4,4),T5L{48,4),TCL(4,4)
OPEN{1,FILE="INPUT.DAT' ,STATUS="0OLD")
OPEN{2,FILE=OUTPUT.DAT' , STATUS="TINKNOWN * }
DO 100 I=1, 10000
READ(1, ' {80A1)' ,END=999) SYMBOL
CALL SPGRAD(SYMBOL,ROT,TSL,TCL,NG,NLC,ERR,2,TCENT, 1)
IF{ERR.EQ.99) GOTO 999

100 CONTINUE

99% STOP
END

The project is supported by the National Natural Science
Foundation of China, grant no. 19571076.
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