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| nt roducti on

The subperi odi ¢ groups consist of 1) The 7 types of frieze groups,
t wo- di nensi onal groups with one-dinensional translations, 2) The 75
types of rod groups, three-dinensional groups wth one-dinensiona
translations, and 3) The 80 types of |ayer groups, three-dinensiona
groups with two-dinensional translations. A survey of the nonmenclature
used for these three varieties of groups is given in Appendi x A

Volunme E of the International Tables For Crystallography is, in
part, an extension of the International Tables For Crystall ography,
Vol ume A: Space-Goup Symmetry (I TC(1987)). Symretry tables are given
in|1TC(1987) for the 230 types of three-di nensi onal space groups and the
17 types of two-dinensional space groups. W give in Volune E anal ogous
symmetry tables for the subperiodic groups.

The symmetry tabl es of the subperiodic groups are but one of three
parts of Volunme E (Kopsky and Litvin (1990)). The second part considers
the relationships anong subperiodic groups, and between subperiodic
groups and space groups, i.e. between the t hree-di nensi onal | ayer groups
and rod groups and the three-di nensi onal space groups, and between the
t wo- di mensi onal frieze groups and the two-di nensi onal space groups. The
third part considers the symetries of planes in crystals, which
i nvol ves agai n rel ati onshi ps between the t hree-di nensi onal | ayer groups
and the three-di nensi onal space groups.

The subperiodi ¢ groups are not considered independently of the

space groups. The two-di nensional frieze groups are considered in the
context of a two-dinensional space along with their concomtant
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rel ati onshi ps with two-di nensional space groups. The three-di nensi onal
rod and layer groups are considered in the context of a three-
di mensi onal space along with their concomtant rel ationships with three-
di mensi onal space groups. These relationships are the basis for the
synbol s and classification of the subperiodic groups which are used

in Volunme E. (See also introduction to Appendi x B.)

Conventi onal coordi nate systens

Subperiodic groups are described, as are the space groups, see
| TC(1987), by neans of a crystall ographic coordi nate system consisting
of a crystallographic basis and a crystallographic origin. For
subperiodi c groups, not all basis vectors of the crystall ographic basis
are lattice vectors. For the three-dinensional |ayer groups and rod
groups, the basis vectors are |abeled a, b, and c. The basis vectors a
and b are chosen as lattice vectors in the case of |ayer groups, and c
is chosen as a lattice vector in the case of rod groups. For the two-
di mensi onal frieze groups, the basis vectors are denoted by a and b with
a chosen as a lattice vector.

The selection of a crystallographic coordinate system is not
uni que. Follow ng I TC(1987), we conventionally choose a ri ght-handed set
of basis vectors such that the sycimetry of the subperiodic group i s best
di spl ayed. Restrictions on the conventional coordi nate systemdue to t he
symmetry of the subperiodic groups are listed in the sixth columm of
Table 5 for the layer groups, and the fourth colum of Tables 6 and 7

for the rod and frieze groups, respectively. The crystall ographic origin



is conventionally chosen at a center of symetry or at a point of high
site symretry. The conventional unit cell of a subperiodic group is
defined by the conventional crystallographic origin and by the basis
vectors of the conventional crystall ographi c coordi nate systemwhi ch are
al so lattice vectors. For |ayer groups, the cell paraneters associ ated
with the lattice vectors to be determned to specify the conventiona
unit cell are given in the seventh colum of Table 5. The conventi onal
unit cell obtained in this manner turns out to be either primtive or
centered as denoted by p or ¢ in the eighth colum of Table 5. For rod
and frieze groups, the single cell paraneter to be specified is the

| ength of the basis vector which is also a lattice vector.

I nt ernati onal (Hernmann- Maugui n) synbols for subperiodic groups

Both the short and the full Hermann- Maugui n synbol s consi st of two
parts, (i) a letter indicating the centering type of the conventional
cell, and (ii) a set of characters indicating symetry el enents of the
subperi odi ¢ group.

(i) The letters for the two centering types for |ayer groups are
the ower case letters pfor a primtive cell and ¢ for a centered cell.
For rod and frieze groups, there is only one centering type, the one-
di rensional primtive cell which is denoted by the | ower case script p
(1 TC(1987)).

(1i) The one or three entries after the centering letter refer to

the one or three kinds of symetry directions of the conventiona



crystal |l ographic basis. Symmetry directions occur either as singular
directions or as sets of symmetrically equival ent symmetry directions.
Only one representative of each set is required. The sets of symetry
directions and their sequence in the Hermann-Mauguin synbol are
summari zed in Table 1. In the first columm we give a classification of
t he subperiodic groups explained below In the remaining colums we
give the symmetry directions and their sequence. Directions which bel ong
to the sane set of equivalent symetry directions are enclosed in a
single box. The top entry in each set is taken as the representative of
that set. Note that these symetry directions and sequences are
identical for two-dinensional subperiodic groups and two-di nensiona

space groups, and for three-dinensional subperiodic groups and three-
di nensi onal space groups. (See Table 2.4.1 of |1TC(1987).)

Each position in the Her mann- Maugui n subperi odi ¢ group type synbol
contains one or two characters designating symetry el enents, axes and
pl anes, of the subperiodic group that occur for the corresponding
conventional crystall ographic basis symmetry direction. Symmetry pl anes
are represented by their normals; if asymmetry axis and a normal to a
symmetry plane are parallel, the two characters are separated by a
slash, e.g. the 4/min p4/ncc
(R40). ( The letters L, R and F denote layer, rod, and frieze groups,
respectively. The nunber followng the letter is the subperiodic group
type's sequential nunbering in the listings given in Tables 2, 3, and
4.) Conventional crystall ographic basis symmetry directions which carry
no synmetry el enments for the subperiodic group are denoted by t he synbol

"1", e.g. p3nl (L69) and pl112 (L2). If no msinterpretation is possible,



entries "1" at the end of a subperiodic group synbol are omtted, as p4
(L49) instead of p4l1ll. Subperiodic group types which have in addition
to translations no symmetry directions or only centers of symmetry have
only one entry after the centering letter. These are t he

| ayer group types pl (L1) and pE-(LZ), t he rod gr oup types

pl (R1) and bI (R2), and t he frieze group pl (F1).

The listings of the frieze, rod, and |layer group type synbols are
gi ven, respectively, in Tables 2, 3, and 4. In the first colum is the
sequential nunbering and in the second colum is the short Hernmann-
Maugui n synbol. In the third colum is the full Hermann-Maugui n synbol
if distinct fromthe short synbol. For the two |ayer groups L5 and L7,
the three synbols for the three cell choices are given between square
bracket s.

The resulting Hermann- Maugui n synbols for the subperiodic group
types are distinct except for the rod and frieze group types pl
(RL, F1), p211 (R3, F2), and pllm (R10, F4). The resulting Hernmann-
Maugui n synbol s for the subperiodic group types are distinct fromthose
of the space group types except for the |layer and two-dinensional
space group types pl (L1, 2DSGl), p3 (L65, 2DSGL3), p3mL (L69,
2DSG14), p31lm(L70, 2DSGL5), p6 (L73, 2DSGL6), and p6mm (L77, 2DSGL7).
(I'n Appendi x B we give a survey of the sets of synbols which have been

i ntroduced for subperiodic groups.)

Cl assification of Subperiodic G oups

In analogy with the (crystallographic) space-group types, the



subperiodic groups are classified into (crystall ographic) subperi odic-
group types: There are 80 (crystallographic) |ayer group types, 75
(crystallographic) rod group types, and 7 (crystallographic) frieze
group types. This is the classification used in the tabul ations of the
subperiodic groups given in Sections 3, 4, and 5. In analogy with the
af fi ne space-group types, the subperiodic groups can be classified in
af fi ne subperiodi c-group types: There are 80 affine | ayer group types,
67 affine rod group types, and 7 affine frieze group types. For |ayer
and frieze groups, the classification of subperiodic groups into affine
subperiodic group types is identical with the classification into
(crystal |l ographic) subperiodic group types. In the case of rod groups,
there are eight affine rod group types that split into pairs of
enanti onorphic rod group types. The eight pairs of enantionorphic rod

group types are p4,(R24) - p4,;(R26), p4,22(R31) - p4;22(R33),
p3.(R43) - p3,(R44), p3,12(R47) - p3,12(R48), p6.(R54) - p65(R58),
p6,(R55) - p6,(R57), p6,22(R63) - pb6.22(R67), and p6,22( R64) -
p6,22( R66) .

The cl assification of subperiodic groups according to (geonetric)
crystal classes is according to the crystallographic point group to
whi ch the subperiodic group belongs. There are 27 (geonetric) crystal
cl asses of layer groups and rod groups, and 4 (geonetric) crystal
cl asses of frieze groups. These are listed, for |ayer groups, in the
fourth colum of Table 5, and for the rod and frieze groups in the
second colum of Tables 6 and 7 respectively.

W classify all subperiodic groups according the follow ng

classifications of the subperiodic group's point group and lattice



group. These «classifications enphasize that we are considering
subperiodic groups, i.e groups with translations which span a | ower
di nensi onal space. The | ayer and rod groups are t hree-di nensi onal groups
with, respectively, two- and one-dinensional translations, and the
frieze groups are two-dinensional groups wth one-dinensiona
transl ations. These classifications also enphasize the relationships
bet ween subperiodi ¢ groups and space groups:

The poi nt group of each |l ayer and rod group i s a three-dinensional
point group, and the point group of each frieze group is a two-
di mensi onal point group. The classification into crystal systens, see
| TC(1987), is a classification of crystallographic point group types.
Three-di nensional point groups are classified into the triclinic,
nmonoclinic, orthorhonmbic, tetragonal, trigonal, hexagonal, and cubic
crystal systens. Two- di mensi onal point groups are classified into
obl i que, rectangul ar, square, and hexagonal crystal systens. W shall
use this crystal system classification schenme to classify the
subperiodi ¢ groups according to their point groups. Consequently, the
t hr ee-di nensi onal subperiodic groups are classified, see the third
colum of Table 5 and the first colum of Table 6, into the triclinic,
nmonoclinic, orthorhonbic, tetragonal, trigonal, and hexagonal crystal
systens. The cubic crystal system does not arise for three-dinensional
subperiodi c groups. The two-dinmensional subperiodic groups are
classified, see the first colum of Table 7, into oblique and
rectangul ar crystal systens. The square and hexagonal crystal systens
do not arise for two-dinensional subperiodic groups.

The lattice of each layer group is a two-di nensional lattice, and



the lattice of each rod and frieze group is a one-dinensional lattice.
The classification into Bravais (flock) systens, see |ITC(1987), is a
classification of lattice types. Two-dinensional lattice types are
classified into the oblique, rectangul ar, square, and hexagonal Bravais
systens. One-dinensional lattice types are classified into a single
Bravai s system W shall use this Bravais systemcl assification schene
to classify the subperiodic groups according to their [lattices.
Consequently, layer groups are classified , see colum one of Table 5,
into oblique, rectangular, square, and hexagonal Bravais systens. For
rod and frieze groups, which have one-dinensional lattices, no
classification is explicitly given in Tables 6 and 7 as all one-
di nrensional lattices are classified into a single Bravais system A
subdi vision of the nonoclinic rod group crystal system is made, see
colum one of Table 6, into two subdivisions: nonoclinic/inclined and
monoclinic/orthogonal. This subdivision is based on which of two
conventional coordinate systens is used for the rod groups of the
nmonoclinic crystal system and the orientation of the plane containing
the non-lattice basis vectors relative to the lattice vectors. For the
monocl i ni c/inclined subdivision, $ = ( = 90°, see colum four of Table
6, and the plane containing the a and b non-lattice basis vectors is,
see Figure 1, inclined with respect to the lattice basis vector c. For

t he nonoclinic/orthogonal subdivision, "™ = $

90° and the plane
containing the a and b non-lattice basis vectors is, see Figure 2,

orthogonal to the lattice basis vector c.



Figure 1. For the nonoclinic/inclined subdivision, $ = ( = 90° and the
pl ane containing the a and b non-lattice basis vectors is inclined with

respect to the lattice basis vector c.

AC

Figure 2: For the nonoclinic/orthogonal subdivision, ™ = $ = 90° and
t he pl ane containing the a and b non-l attice basis vectors is orthogonal

to the lattice basis vector c.
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Table 1: Sets of symretry directions(™ and their position

i n the Hermann- Maugui n synbol

T:::::::::::::::::::T:::::::::::::::::::::::::::::::::::::::::::T
* * Symmetry direction *
* * (position in Hermann- Maugui n synbol) =
* /))))))))))))))0)))))))))))))))0))))))))))))1

* * Primry Secondary * Tertiary *
~ Layer groups and * < < x
* rod groups * * * *
* Triclinic * None * * *
i)))))))))))))))))))3))2)))))))))))3))))1))))))))))3))))))2}))))1 .
* Monocl i ni c * * * *
* * [1 0 O] * [0 1 O] * [0 0 1] **
Ort hor honbi ¢ * * * *
i)))))))))))))))))))3))2)))))))))))3))))1))))))))))3))))))2}))))1 .
*  Tetragonal * [0 0 1] * [1 0 0] * [1 1 0] *
- * * [0 1 O] * [1 1 0] *
i)))))))))))))))))))3))2)))))))))))3))))1))))))))))3))))))2}))))1 .
*  Trigonal * [0 0 1] * [1 0 0] * [1 1 0] *
* Hexagonal * * [0 1 O] * [1 2 0] *
* * * [1 1 0] * [2 1 0] *
*~ Frieze groups  * « « x
*  blique * Rotation = * *
i)))))))))))))))))))l . point in /))2))))))))))))3))))1)))))))1 .
* Rect angul ar * pl ane * [1 O] * [0 1] *
R RO oo oo RoCCoCoCoCoCooCooCooCo—R--——=———=—=—=—=—=—=R

() Periodic directions are [1 0 0] and [0 1 0] for the Layer Goups, [0
0 1] for the Rod Goups, and [1 0] for the Frieze G oups.
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ol i

F1
F2

pl
p211

Rect anqul ar

F3
F4
F5
F6
F7

plml
pllim
pllg
p2mm

p2ny

Table 2: Frieze G oup Synbols
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Table 3: Rod G oups Synbol s

Triclinic
R1 pl
R2 pl

Monoclinic/lnclined

R3 p211
R4 pril
R5 pcll
R6 p2/ M1
R7 p2/cll

Monocli ni ¢/ Ot hogonal

R8 pl12
RO pl12,
R10 pllim
R11 pl12/ m
R12 pl12,/ m
O t hor honbi ¢
R13 p222
R14 p222,
R15 pmm?
R16 pcc2
R17 pnc2,
R18 p2mm
R19 p2cm
R20 pnmm p2/ n2/ n2/ m
R21 pccm p2/ c2/c2/ m
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R22
Tet ragona

R23
R24
R25
R26
R27
R28
R29
R30
R31
R32
R33
R34
R35
R36
R37
R38
R39
R40
R41
Tri gona
R42
R43
R44
R45
R46

p4

P4,
P4,
P4,

p4/ m
p4,/ m
p422
p4,22
p4,22
p4,;22
p4mm
p4,cm
p4cc
p42m
p42c
p4/ nmm
p4/ ncc

p4,/ nt
p3
p3;

pP3;

p312

p2/ m2/ c2,/ m

p4/ n2/ n2/ m
p4/ nm2/ c2/ c
p4,/ nm2/ nR/ c

14



R47
R48
R49
R50
R51
R52
Hexagona
R53
R54
R55
R56
R57
R58
R59
R60
R61
R62
R63
R64
R65
R66
R67
R68
R69
R70
R71

p3,12
p3,12
p3ml
p3cl
p31m
p3lc

p6

PG,
PG,
P63
P6,
P65

p6/ m
p6s/ m
p622

p6,22
p6,22
p6;22
p6,22
p6522
p6mm
p6cc

p6;nt

p6nR
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R72
R73
R74
R75

p6c2
p6/ nmm
p6/ ntc

p6s/ Nt

p6/ m2/ m2/ m
p6/ nm2/ c2/ c
p6s/ N2/ nk/ c

16



Tabl e 4. Layer G oup Synbol s

Triclinic/ Qlique

L1
L2

pl

pl

Monocli ni ¢/ Obl i que

L3
L4
L5
L6
L7

pll2
pllim
plla
pl12/ m
pll2/a

Monocl i ni ¢/ Rect anqul ar

L8

L9

L10
L11
L12
L13
L14
L15
L16
L17
L18

p211
p2,11
c211
pnil
pbll
cmll
p2/ M1l
p2,/ m1l
p2/ bll
p2,/ b1l
c2/ m1l

O t hor honmbi ¢/ Rect anqul ar

L19
L20

p222
p2,22

17
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L21
L22
L23
L24
L25
L26
L27
L28
L29
L30
L31
L32
L33
L34
L35
L36
L37
L38
L39
L40
L41
L42
L43
L44
L45
L46

p2,2,2
c222
pm?
pma2
pba2
cmm?
pn2m
pn2.b
pb2;m
pb2b
pnRa
pn2.n
pb2;,a
pb2n
cnZm
cnRa
pmmm
pmaa
pban
pmam
pma
pman
pbaa
pbam
pbma

pmMmm

p2/ n2/ n2/ m

p2/ n2/ a2/ a

p2/ b2/ a2/ n

p2,/ m2/ a2/ m
p2./ m2/ nm2/ a
p2/ n2,/ a2/ n
p2/ b2,/ a2l a
p2,b2,/ a2/ m
p2,/ b2,/ nR/ a
p2,/ m2,/ n2/ n
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L47 cnmm c2/ n2/ m2/ m
L48 cnma c2/ n2/ n2/ a

Tet r agonal / Squar e

L49 p4

L50 p4

L51 p4/ m

L52 p4/ n

L53 p422

L54 p42,2

L55 p4mm

L56 p4bm

L57 p42m

L58 p42,m

L59 pang

L60 p4b2

L61 p4/ mm p4/ n2/ n2/ m
L62 p4/ nbm p4/ n2/ b2/ m
L63 p4/ mbm p4/ m2,/ b2/ m
L64 p4/ nmm p4/ n2,/ m2/ m

Tri gonal / Hexagonal

L65 p3
L66 p3
L67 p312
L68 p321
L69 p3nml
L70 p31m
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Hexagonal / Hexagonal

L73
L74
L75
L76
L77
L78
L79
L80

p6

p6

p6/ m
p622
p6mm
p6nR
p62m

p6/ nmmm

p6/ n2/ n2/ m
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Table 5: O assification of

| ayer groups

Two- di mensi onal Thr ee- di nensi onal Cel |
lattice poi nt group Conventi onal paraneters
Bravai s Synbol crystal Crystal | ographic No. coordi nate system to be Bravai s
system system poi nt groups” groups restrictions det erm ned lattice
LAYER GROUPS
Triclinic 1,: 1: 2 None
Obl i que I e e a, b, (** np
5 "= $ = 90°
L ),
Monoclinic 2, m *2/m
O)-
11 $= (=90
op
Rect angul ar [ e e e a,b
), oc
Ot hor honbi ¢ 222, 2mm  *nmme 30 =% =(=90°
O)-
4, 4, :4/m, 422 =% = (=90°
Squar e t Tetragonal _ DN, 16 a tp
4mm  42m  *4/ e a=m>ot
ODND-
Tri gonal 3, :3, 32, 3m :3m
=% =090°
Hexagonal L e e
- ( = 120° a hp
6, 6, :6/m 622
Hexagonal a=m>b
— OIE
6mm 6nR2, *6/nmm*
ONDN-
# Synmbol s surrounded by dashed or full lines indicate Laue classes. Full lines indicate point groups which are also
lattice point symetries (holohedries).
e. > 90°.

## This angle is taken conventionally to be non-acute, i.
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Table 6: C assification of

Thr ee- di nensi onal
poi nt group

rod groups

Conven;ional
coordi nate

crystal Crystal | ographic No. of system
system poi nt groups” gr oups restrictions
- "r@®WPs
:D));
Triclinic 1,* 1 * 2 None
))-
Monocl i ni c 5 $ = (= 090°
(I nclined) +3)))),
2, m=* 2/m=*
o D)
Monocl i ni ¢ 5 " =% =090°
(Orthogonal)
) +3)))),
Ot hor honbi ¢ 222, 2mm * mmm * 10
D))
—_ ), "=8= (=090
4, 4, *4 mr, 422,
-
Tet ragonal 19
_ +3))))),
4mm 42m  *4/ nmm *
I)-
2 2.
Tri gonal 3,*3*, 32, 3m *3m-| 11
-)- ))-
" =% =090°
—_ 1)),
6, 6,*6/m, 622, ( = 120°
))-
Hexagonal 23
— +))))),
6mm 6n2, *6/mm *
I)-

# Boxed synbol s indicate Laue cl asses.
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Table 7. Cassification of frieze groups

Two- di mensi onal Conventi onal
poi nt group coordi nate
crystal Crystal | ographic No. of system

system poi nt groups® gr oups restrictions

ol i que 1, =*2= 2 None

+))),
Rect angul ar m  *2mm* 5 ( = 90°

-)))-

Boxed synbol s i ndicate Laue cl asses.
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Appendi x A: Subperiodi c G oup Nonencl ature

There exists a w de vari ety of nonencl ature for subperi odi c groups.
The frieze groups (Hol ser (1961), Bohm & Dor nberger-Schiff (1966, 1967))
have been naned |ine groups (borders) in two-dinensions (IT (1952)),
groups of bortenornanente (Spei ser (1956)), bandgruppen (Niggli (1924)),
ri bbon groups (Kohler (1977)), groups of one-sided bands (Shubni kov &
Koptsik (1974)), line groups in a plane (Belov (1966)), and groups of
borders (Vainshtein (1981)).

The rod groups have been naned |ine groups in three-dinensions (IT
(1952), Opechowski (1986)), kettengruppen (Hermann (1929a, b)),
ei ndi nensi onal en raungruppen (Al exander (1929, 1934)), linear space
groups (Bohm & Dor nberger-Schiff (1966, 1967)), rod groups (Shubni kov
& Koptsi k (1974), Kohler (1977), Vujicic, Bozovic, & Herbut (1977), Koch
& Fisher (1978a,b,c)), and one-dinensional (subperiodic) groups in
t hree-di nensi ons (Brown, Bul ow, Neubuser, Wndratschek, & Zassenhaus
(1978)).

The exi stence of the | ayer groups was recogni zed by several authors
in the late nineteen twenties (Speiser (1956), Hermann (1929a,b),
Al exander & Herrmann (1928, 1929a,b), Wber (1929), Heesch (1929)).
These and subsequent aut hors (Cochran (1952), Dornberger-Schiff (1956),
Bel ov & Tarkhova (1956a,b), Belov (1959), W.od (1964a,b), Chapuis
(1966), Bohn & Dornberger-Schiff (1966, 1967), Shubnikov & Koptsik
(1974), Kohler (1977), Goodman (1984), Gell, Krause, & Gell (1989),
Litvin (1989)) have introduced a wi de variety of nonenclature for these
groups. These groups have been nanmed net groups (I T (1952), Opechowski
(1986)), netzgruppen (Hermann (1929a, b)), zwei di nensi onal e Raungr uppen
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(Al exander & Herrmann (1928, 1929a,b)), diperiodic groups in three-
di mensi ons (Wod (1964)), bl ack and white space groups i n two-di nensi ons
(Mackay (1957)), layer space groups (Shubni kov & Koptsik (1974)), | ayer
groups (Kohler (1977), Vainshtein (1981), Koch & Fisher (1978a,b,c)),
t wo- di mensi onal (subperiodic) groups in three-dinensional space (Herman

(1928)), and plane space groups in three-dinmensions (Gell, Krause, &

Gell (1989)).
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Appendi x B: Subperiodic Goup Synbol s

The follow ng general criterion has been used to select the sets
of synbols in Tables 2, 3, and 4: consistency with the synbols used for
the space groups given in ITC(1987). Specific criteria follow ng from

this general criterion are as foll ows:

1) The synbols of subperiodic groups are to be of the Hermann-
Maugui n (I nternational) type. This is the type of synbol used for space
groups in I TC(1987).

2) A synbol of a subperiodic group is to consist of a letter
indicating the lattice centering type followed by a set of characters
i ndicating symmetry elenents. This is the format of the Her mann- Maugui n

(I'nternational) space group synbols in | TC(1987).

3) The sets of symetry directions and their sequences in the
synbol s of the subperiodic groups are those of the correspondi ng space
groups. Layer and rod groups are three-dinensional subperiodic groups
of the three-dinensional space groups, and frieze groups are two-
di mensi onal subperiodic groups of the two-dinensional space groups
Consequently, the symetry directions and sequence of the characters
indicating symetry elenents in layer and rod groups are those of the
t hr ee- di nensi onal space groups; in frieze groups, they are those of the
t wo- di mensi onal space groups, see Table 2.4.1 of I1TC(1987) and Table 1

above.
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A consequence of this criterionis a lucidity of notation in the
sections of Volunme E which deal with the rel ationshi ps between space
groups and their subperiodic groups. In these sections, e.g. |ayer
groups appear as subgroups of the three-di nensional space groups, as
factor groups of the three-di nensi onal space groups, and as the symetry
of planes which transect a crystal of a given three-dinensional space
group symretry. For exanple, the layer group pmmR is a subgroup of the
t hr ee- di nensi onal space group Pm®; the |ayer group pmm®2 is isonorphic
to the factor group Pmm2/ T, of the three-dinmensional space group Pm2,
where T, is the transl ational subgroup of all translations along the z-
axis; and the | ayer group pmm2 is the symmetry of the plane, transecting
a crystal of three-di nensional space group symetry Pmm®2, perpendi cul ar
to the z-axis, at z=0. In these exanples, this criterion leads to the
easily conprehendi ble notation in which the synbols for the three-
di mensi onal space group and its rel ated subperiodic | ayer group differ

only in the letter indicating the lattice type.

Following is a survey of the sets of synbols which have been used
for the subperiodic groups. Considering these sets of synbols vis-a-vis
the above criteria, leads to the sets of synbols for subperiodic groups

listed in Tables 2, 3, and 4.

Layer G oups:

Alist of sets of synbols for the | ayer groups is given in Fol d-out

1. The information provided in the colums of Fold-out 1 is as follows:
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Colums 1 and 2: Sequential nunbering and synbols used in
Table 4 and Vol une E.

Colums 3 and 4: Sequential nunbering and synbols listed by E
Wod (1964a,b) and Litvin & Wke (1991).

Colums 5 and 6: Sequential nunbering and synbols |isted by
Bohm and Dor nber ger-Schiff (1966, 1967).

Colums 7 and 8: Sequential nunbering and synbols |isted by
Shubni kov and Koptsi k (1974) and Vai nshtein (1981).

Colum 9: Synbols |listed by Hol ser (1958).

Col um 10: Sequential numbering listed by Weber (1929).

Colum 11: Synbols listed by C. Hermann (1929a,b).

Colum 12: Synbols listed by Al exander and K. Herrmann
(1928, 1929a,b).

Colum 13: Synbols listed by Niggli (Wod (1964a,b)).

Col um 14: Synbols listed by Shubni kov and Koptsik (1974).

Colums 15 and 16: Synbols listed by Aroyo and Wondr at schek
(1987).

Colum 17: Synbols listed by Bel ov, Neronova, and
Sm rnova (1957).

Colums 18 and 19: Synbols and sequential nunbering |isted by

Bel ov and Neronova (1956).

Col ums 20 and 21: Synbols |listed by Cochran as |isted,
respectively, by Cochran (1952) and Bel ov and
Ner onova (1956).
Col um 22: Synbols |isted by Opechowski (1986).
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Col um 23: Synbols listed by G unbaum and Shephard (1987).
Col um 24: Synbols |listed by Wods (1935a, b,c , 1936).
Col um 25: Synbols |isted by Coxeter (1985).

There is also a notation for |ayer groups, introduced by Janovec
(1981), in which all elenents in the group synbol which change the
direction of the normal to the plane containing the translations are
underlined, e.g. p4/ m However, we know of no listing of all |ayer group
types in this notation.

Sets of synbol s which are of a non-Her mann- Maugui n (I nternational)
type are the sets of synbols of the Schoenflies type (Colums 11 and
12), synbols of the Black and Wiite symetry type (Colums 16, 17, 18,
20, 21, 22, 24, and 25). Additional non-Hermann- Maugui n (I nternati onal)
type sets of synbols are those in Colums 14 and 23.

Sets of synbols which do not begin with a letter indicating the
|attice centering type are the sets of synbols of the N ggli type
(Colums 13 and 15). The order of the characters indicating symetry
elements in the sets of synbols, Colums 4 and 9, does not follow the
sequence of symmetry directions used for three-di nensi onal space groups.

In the above section Conventional Coordi nate Systens conventions
have been introduced as to which of the basis vectors of the
conventional coordinate system are lattice vectors. Consequently, no
additional notation to a character indicating a symetry elenment is
needed to denote if the symmetry elenment is or is not along a lattice
direction. This convention |leads to a typographically sinpler set of

synbols than in Colum 6 where the character indicating a symetry
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el emrent along a symmetry direction which is not a lattice direction is
encl osed in parentheses. In addition, the set of symbols in Colum 6
uses upper case letters to denote the layer group's two-dinensiona
|attice, where as in [TC(1987) upper case letters denote three-
di rensional lattices.

Lastly, the synbols of the set of synbols in Colum 8 are either
identical with the synbols in Table 4 or, in sone nonoclinic and
ort hor honbi ¢ cases, the synbols in Colum 8 are the second setting or
alternative cell choice of the |ayer groups whose synbols are given in
Tabl e 4. These second setting and alternative cell choice synbols are
included in the symetry diagrans of the |ayer groups to appear in

Vol ume E (Kopsky & Litvin (1990)).

Rod G oups:
Alist of sets of synbols for the rod groups is given in Fol d-out

2. The information provided in the colums of Fold-out 2 is as foll ows:

Colums 1 and 2: Sequential nunbering and synbols used in
Tabl e 3 and Vol une E.

Colums 3 and 4: Sequential nunbering and synbols |isted by
Bohm and Dor nber ger-Schiff (1966, 1967).

Colums 5, 6, and 7: Sequential nunbering and two sets of

synbol s listed by Shubni kov and Koptsik (1974).
Colum 8: Synbols |listed by Opechowski (1986).
Colum 9: Synbols listed by Niggli (Chapuis (1966).
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Sets of synbols which are of a non- Her mann- Maugui n (I nternati onal)
type are the set of synmbols in Colum 6 and the N ggli type set of
synmbols in Colum 9. The set of synbols in Colum 8 does not use the
| ower case script letter p, as does 1TC(1987), to denote a one-
di rensional lattice. The order of the characters indicating symetry
el ements in the set of synbols in Columm 7 does not followthe sequence
of symmetry directions used for three-di nensional space groups. The set
of synmbols in Colum 4 have the characters indicating symetry el enents
al ong non-lattice directions enclosed in parentheses, and do not use a
| ower case script letter to denote the one-dinensional lattice.

Lastly, the synbols of the set of synbols in Colum 4, w thout the
par ent heses and wi th t he one-di nensional |attice denoted by a | ower case
script p, areidentical with the synbols in Table 3, or in sone cases,
are the second setting of rod groups whose synbols are given in Table
3. These second setting synbols are included in the symretry di agrans

of the rod groups to appear in Volunme E (Kopsky & Litvin (1990)).

Frieze G oups:
Alist of sets of synbols for the frieze groups is given in Fol d-
out 3. The information provided in the colums of Fold-out 3 is as

foll ows:

Colums 1 and 2: Sequential nunbering and synbols used in
Tabl e 2 and Vol unme E.
Colums 3, 4, and 5: Synbols listed by Opechowski (1986).
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Col um Synbol s listed by Shubni kov and Koptsik (1974).

6
Colum 7: Synbols listed by Vainshtein (1981).
Colum 8: Synbols |isted by Bohm and Dor nberger-Schiff (1967).
Colum 9: Synbols listed by Lockwood and Macmi |l an (1978).

Col um 10: Synbols listed by Shubni kov and Koptsik (1974).

Sets of synbols which are of a non-Her mann- Maugui n (I nternational)
type are the set of synbols of the Bl ack and White symretry type (Col um
3) and the sets of synbols in Colums 6 and 7. The sets of synbols in
Colums 4, 5, and 10 do not follow the sequence of symetry directions
used for two-dinmensional space groups. The sets of synbols in Columms
3, 4, 5, and 9 do not use a lower case script p to denote a one-
di nensional |attice. The set of synbols in Colum 8 uses parent heses and
brackets to denote specific symmetry directions.

Lastly, the synbol "g" is used, in Table 1, to denote a glide |ine,
a standard synbol for two-dinmensional space groups (1 TC(1987)). Aletter
identical with a basis vector synbol, e.g. "a" or "c" is not used to
denote a glide line, as is done in the synbols of Colums 5, 6, 7, 8,
and 10, as such a letter is a standard notation for a three-di nensi onal

glide plane (1TC(1987)).
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1. Layer Group Symbols

1 2 3 4 5 6 7
Triclinic/ 1 pl 1 P1 1 P11(1) 1
Oblique _ _ o
2 pl 2 P1 2 P11(1) 3
Monoclinic/ 3 p112 3 P211 9 P11(2) 5
Oblique
4 plim 4 Pm11 4  P11(m) 2
5 plla 5 Pb11 5 P11(b) 4
6 pl12/m 6 P2/m11 13 P11(2/m) 6
7 plil2/a 7 P2/b11 17 P11(2/b) 7
Monoclinic/ 8 p211 8 P112 8 P12(1) 14
Rectangular
9 p2,11 9 P112, 10 P12,(1) 15
10 c211 10 C112 11 C12(1) 16
11 pm11l 11  P11lm 3  PIm(1) 8
12 pb11 12 Plla 5 Pla(l) 10
13 cmll 13 Cllm 7 Cim(1) 12
14 p2/m11l 14  P112/m 12 P12/m(1) 17
15 p2,/m11 15 P112;/m 14  P12,/m(1) 18
16 p2/bl1l 17 P112/a 16 P12/a(1) 20
17 p2,/b11 18 P112,/a 18 P12,/a(1) 21
18 c2/m1l 16 Cl112/m 15 C12/m(1) 19
Orthorhombic/ 19 p222 19 P222 33 P22(2) 37
Rectangular
20 p2,22 20 P222, 34 P2,2(2) 38
21 p2,2,2 21 P22,2, 35 P2,2,(2 39
22 €222 22 C222 36 C22(2) 40
23 pmm?2 23 P2mm 19 Pmm(2) 22
24 pma2 28 P2ma 24 Pma(2) 24
25 pba2 33 P2ba 29 Pba(2) 26
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26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52

cmm2
pm2m
pm2,b
pb2,m
pb2b
pm2a
pm2,n
pb2,a
pb2n
cm2m
cm2a
pmmm
pmaa
pban
pmam
pmma
pman
pbaa
pbam
pbma
pmmn
cmmm
cmme

p4

p4/m
p4/n

34
24
26
25
27
29
32
30
31
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52

C2mm
Pmm2
Pbm2;
Pm2,a

Pbb2

Pam2

Pnm2,
Pab2,

Pnb2

Cmm?2

Cam2
P2/m2/m2/m
P2/a2/m2/a
P2/n2/b2/a
P2/m2,/m2/a
P2/a2,/m2/m
P2/n2/m2,/a
P2/a2/b2,/a
P2/m2,/b2,/a
P2/a2,/b2,/m
P2/n2,/m2,/m
C2/m2/m2/m
C2/a2/m2/m
P4

P4

P4/m

P4/n

39

30
20
21
22
23
25
28
26
27
31
32
37
38
39
41
40
42
43
44
45
46
47
48
54
49
55
56

Cmm(2)
P2m(m)
P2,m(a)
P2,a(m)
P2a(a)

P2m(b)
P2,m(n)
P2,a(b)

P2a(n)
C2m(m)
Cm2(a)
P2/m2/m(2/m)
P2/m2/a(2/a)
P2/b2/a(2/n)
P2/b2,/m(2/m)
P2,/m2/m(2/a)
P2,/b2/m(2/n)
P2/b2,/a(2/a)
P2,/b2,/a(2/m)
P2,/m2,/a(2/b)
P2,/m2,/m(2/n)
C2/m2/m(2/m)
C2/m2/m(2/a)
P(4)11
P(4)11
P(4/m)11
P(4/n)11

28

30
11
31
32
35
33
34
13
36
23
41
42
25
43
44
45
27
46

29
48
50
49
51
57



53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80

p422
p42,2
p4mm
p4bm
p42m
p42,m
p4m?2
p4b2
p4/mmm
p4/nbm
p4/mbm

p4/nmm

p3

p312
p321
p3m1l
p31m
p31m
p3m1
p6

p6/m
p622
p6mm
pém2
p62m

p6/mmm

53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80

P422

P42,2
P4mm
P4bm

P42m
P42,m
P4Am2

P4b2
P4/m2/m2/m
P4/n2/b2/m
P4/m2,/b2/m
P4/n2,/m2/m
P3

P3

P312

P321

P3m1l

P31m
P312/m
P32/m1

P6

P6

P6/m

P622

P6mm
P&mM2

P62m
P6/m2/m2/m

40

59
60
57
58
50
51
52
53
61
62
63
64
65
66
70
69
67
68
72
71
76
73
77
79
78
74
75
80

P(4)22
P(4)2,2
P(4)mm
P(4)bm
P(4)2m
P(4)2,m
P(4)m2
P()b2
P(4/m)2/m2/m
P(4/n)2/b2/m
P(4/m)2,/b2/m
P(4/n)2,/m2/m
P(3)11
P(3)11
P(3)12
P(3)21
P(3)m1
P(3)1m
P(3)1m
P(3)m1
P(6)11
P()11
P(6/m)11
P(6)22
P(6)mm
P(B)m2
P(6)2m
P(6/m)2/m2/m

55
56
52
59
54
60
61
64
53
62
58
63
65
67
72
73
68
70
74
75
76
66
77
80
78
69
71
79



8 9 10 11 12 13
pl pl 1 C.p c,t 1P1

pl pl 2 S,p ct 1P1
p112 p21 8 C.p C,t 1P2
plim pml 3 CinP M Cit mP1
pllb pal 4 Cynp O Cyn2 aP1
pl12/m p2/m1 12 Conp M Cont mP2
p112/b p2/al 13 Conp O Cop2 aP2
p121 p12 9 D,pl C,2 1P12
p12,1 p12, 10 D,p2 C,3 1P12,
cl21 c12 11 D,c1 c,? 1C12
plml plm 5 C.pH Cy2 1P1m
plal plb 6 C.pB Co? 1P1g
clmi clm 7 C,CH Cy° 1C1m
p12/m1 p12/m 14 D,yp M1 Cor® 1P12/m
p12,/m1 p12,/m 15 Dyyp M2 Cor® 1P12,/m
pl2/al p12/b 18 D.4p B2 Cor® 1P12/g
p12,/al p12,/b 17 D,,pP1 Con? 1P12,/g
c12/ml c12/m 16 D, C W1 Caon” 1C12/m
p222 p222 33 D,p1l vt 1P222
p2,22 p222, 34 D,p12 Ve 1P222,
p2,2,2 p22,2, 35 D,p 22 V2 1P22,2,
c222 c222 36 D,c11 A 1C222
pmm2 p2mm 19 C,,p UM C,t 1P2mm
pbm2 p2ma 20 Co P MO C,.2 1P2mg
pba2 p2ba 21 C,.p B C, % 1P2gg
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cmm2
p2mm
p2,ma
p2,am
p2aa
p2mb
p2,mn
p2,ab
p2an
c2mm
c2mb
pmmm
pmaa
pban
pbmm
pmma
pbmn
pbaa
pbam
pmab
pmmn
cmmm
cmma

p4

p4/m
p4/n

c2mm
pm2m
pa2,m
pm2,a

pa2a

pb2m
pn2;m
pb2,a

pn2a

cm2m

ch2m
p2/m2/m2/m
p2/a2/m2/a
p2/n2/b2/a
p2/m2,/m2/a
p2/a2,/m2/m
p2/n2/m2,/a
p2/a2/b2,/a
p2/m2,/b2,/a
p2/a2,/b2,/m
p2/n2,/m2,/m
c2/m2/m2/m
c2/a2/m2/m
p4

p4

p4/m

p4/n

22
23
25
24
26
27
30
28
29
31
32
37
38
39
40
41
42
43
44
45
46
47
48
58
57
61
62

Co,C WM
D.P UM
D.p U
D.np P
D, BB
D.,p O
D.,p UM
Dinp P
D1npUB
DynC MM
D,,C Ol
D,np MU
D,,,p XN
D,,,p UBX
Do P MM
D,np OHU
D,,p UUO
D,,,p OB
D.np WP
D, p OBY
D,np UMM
D,nC MUU
D,nC QUM
C.p

S.p
Canb M
C.npU

42

1C2mm
mP12m
aP12,m
mP12,g
aP12g
bP12m
nP12,m
bP12,g
nP12g
mC12m
aCl2m
mP2mm
aP2mg
nP2gg
mP2mg
aPZ2mm
nP2mg
aP2gg
mP2gg
aP2gm
nP2mm
mC2mm
aC2mm
1P4
1P2
mP4
nP4



p422
p42,2
p4mm
p4bm
p42m
p42,m
p4m?2
p4b2
p4/mmm
p4/nbm
p4/mbm

p4/nmm

p3

p312
p321
p3m1l
p31m
p31m
p3m1l
p6

p6/m
p622
p6mm
pém2
p62m

p6/mmm

p422

p42,2
p4mm

p4bm

p42m
p42,m
p4m2

p4b2
p4/m2/m2/m
p4/n2/b2/m
p4/m2,/b2/m
p4/n2,/m2/m
p3

p3

p312

p321

p3m1l

p31m
p312/m
p32/m1

p6

p6

p6/m

p622

p6mm

pém2

p62m
p6/m2/m2/m

67
68
59
60
63
64
65
66
69
70
71
72
49
50
54
53
51
52
55
56
76
73
78
79
77
74
75
80

D,pll D,*

D,p21 D,?
CauP MM Cat
Cap BH Ca
Doqp M1 Vgt
Dqp M2 Vy?
D,yC M1 V2
D,qC B1 v,

DanPHHM Dyt
DamPUBH Dy’
DaPHBH Dy’
DaP UMM Dy’

CsC o
Sep o
Dsc 1 D,*
D;h1 D52
CaCH Ca”
Cayh i Ca'
DsqC M1 Dso
Dsgh Pl Dag’
CsC Ct
CanC M Can'
CenC M Cent
DeC 11 De?
Ce,C MM Co'
DgnC MM Dan*
Dgnh pu Dap”

43

1P422
1P42,2
1P4mm
1P4gm
1P42m
1P42,m
1P4Am2
1Pag2
mP4mm
nP4gm
mP4gm
nP4mm
1P3
1P3
1P312
1P321
1P3m1l
1P31m
1P31m
1P3m1
1P6
mP3
mP6
1P622
1P6mm
mP3m2
mP32m

mP6mm



14 15 16 17 18 19
(a/b)-1 1p1 pl pl pl 47
(a/b)-1 1pl p2' p2' p2' 1

(a/b):2 1p112 p2 p2 p2 48
(a/b)'m mp1 p'1 pl' 64
(a/b)'b bp1 Pyl ol ol 2

(a/b)'m:2 mp112 p2 p21' 65
(a/b)-b:2 bp112 P2 Pp2 P2 3

(a:b)-2 1p12 plm1l pm' pm' 4

(@:b)-2, 1p12, plgl s) os) S

(atb/a:b)-2 1c12 clm'l cm' cm' 6

(az:b):m 1pim plim pm pm 49
(a:b):a 1pla plig pg pg 50
(atb/a:b):m 1clm cllm cm cm 51
(az:b)'z:m 1p12/m p2'mm pm'm pmm' 14
(a:b)-2,:m 1p12,/m p2'gm pgm pmg' 17
(a:b)-2-a 1p12,/a p29g pgy pay’ 18
(a:b)-2,:a pl2/a p2'mg pmg pmg 16
(atb/a:b)-2:m 1c12/m c2’m'm cmm cmm'’ 21
(a2:b):2:2 1p222 p2m'm' pm'm’ pm'm'’ 15
(a:b):2:2, 1p22,2 p2gm pmg pmg 20
(@:b)2,:2, 1p2,2,2 P299 PgY PgY 19
(atb/a:b):2:2 1c222 c2mm' cm'm' cm'm’ 22
(az:b):2~m 1pmm2 p2mm pmm pmm2 52
(a:b):2°b 1pma2 p2mg pmg pmg?2 53
(a:b):a:b 1pba2 p299 pgg pgg2 54

44



(at+b/a:b):m-2
(az:b)-m'z
(a:b)m-2,
(a:b)ym-2,
(a:b)a-2
(a:b)b-2
(a:b)-ab-2,;
(a:b)-b:a
(a:b)-ab-2
(atb/a:b)'m-2
(&/a;b)-B-z
(az:b)'m:z-m
(a:b)-a:2-a
(a:b)-ab:2-a
(a:b)'m:2'b
(a:b)-a:2'm
(a:b)-ab:2:b
(a:b)-a-2:b
(a:b)'m:a:b
(a:b)-b:2-a
(a:b)-ab:2'm
(at+b/a:b)'m:2-m
(&/a:b)'é:z-m
(az:a):4

(a:a):4
(a:a):4:m

(a:a):4:ab

I1cmm2
mpm2
bpm2,
mpb2;
bpb2

apm2
npm2,
apb2,

npb2
mcm2

acm2
mp2/m2/m2
ip2/m2/a2
np2/b2/a2
np2,/m2/a2
ap2,/m2/m2
np2/m2,/a2
ap2/b2,/a2
np2,/b2,/a2
ap2,/b2,/m2
np2,/m2,/m2
mc2/m2/m2
ac2/m2/m2
1p4

1p4

mp4

np4

c2mm
p 1mi
pp'1ml
p lgl
pp'1m'l
p,1ml
clmil
P19l
clm1l
c'lml
Pap 1Ml
p2mm
Pa2mMg
c2mm'
p2mg
p,2mm
c2mm’
P299
p"299
Pa2gm
c2mm
c2mm
Pap2Mm
p4

p4

*

c4

45

cmm

p,1m

P.1g

pp1m

p.1m

Pr1lg

p.1m'

c1lm

P.Mg

pC|m|m.

pp,mm
p.mm

P»99

P, Mg

p.mm
c¢mm
p4

p4

p'4

cmma2
pml'
PpyM
pgl
Pn9
Pp1m
p.m
P»19
P.9
cml

cm

pmm21'

P,gm
P99
pmg21'
p,mm
P, Mg
P»99
Pgg21
P, Mg

p.mm

cmm21’

c¢mm
p4
p4
p41'

P4

55
66

67

11
10
12
68
13
69
25
29
70
23
28
26
71
24
27
72
30
56
31
73
32



(a:a):4:2
(a:a):4:2,
(a:a):4'm
(a:a):40b
(a:a):4:2
(a:a):202,
(a:a):4'm
(a:a):20b
(a:a)'m:4-m
(a:a):ab:4Ob
(a:a)'m:4Ob
(a:a)-ab:4'm
(a/a):3
(a/a):3
(a/a):2:3
(a/a)-2:3
(a/a):m-3
(a/a)m-3
(a/a)'m-6
(a/a):m-6
(a/a):6
(a/a):3:m
(a/a)'m:6
(a/a)-2:6
(a/a):m-6
(a/a):m-3:m
(a/a)rm:3'm
(a/a)rm:6-m

1p422
1p42,2
1p4mm
1p4bm
1p42m
1p42,m
1p4m2
1p4b2
mp42/m2/m
np42/b2/m
mp42,/b2/m
np42,/m2/m
1p3

1p3

1p312
1p321
1p3mil
1p31m
1p312/m
1p32/m1
1p6

mp3

mp6

1p622
1p6mm
mp3m2
mp32m

mp6mm

p4m'm'
pagm
p4mm
p4gm
p4m'm
p4dgm
p4mm'
pdgm
p“4mm
c4m'm
p 4gm
c4mm
p3

p6

p3m'l
p31m'
p3ml
p31m
p6'm'm
p6'mm'
p6

p3
p’6
pém'm'
p6mm
p“3mi1
p°31m

p 6mm

46

p4m'm'

p4gm
p4mm
p4gm

p4m'm

pdgm

p4'mm'

p4gm’

p'4gm

p'‘4mm
p3

p6
p3m'l
p31m'
p3m1l
p31m

p6'm'm

p6'mm'

p6

pém'm'

p6mm

p4m'm'
p4gm
p4mm
p4gm

p4'm'm
p4gm

p4mm'

p4gm’

p4mm1'

Pc4gm
p4gml'
p.;4mm
p3

p6
p3m'
p31m'
p3m
p31m
p6'm'm
p6'mm'
p6

p3
p61’
pém'm'
p6mm
p3'm
p3'1lm

p6mm21’

35
38
57
58
34
37
33
36
74
40
75
39
59
43
41
42
60
61
44
45
62
76
79
46
63
77
78
80



20 21 22 23 24 25
pl
p2' p2° p2' p2[2], 211 p2/pl
p2
p1l
pt' pt Popl pl[2] b1l pl/pl
p21'
p2t p2t Pop2 p2[2], 2/b11 p2/p2
pm' pm” pm' pm[2], 121 pm/pl
pg Pg pg p9[2], 112/ pg/pl
cm' cm’ cm' cm[2], cl12' cm/pl
pm
Pg
cm
pmm' pmm~ pm'm pmm[2], 222 pmm/pm
pmg pmg pmg pmg[2], 22,2 pmg/pm
JJe]e} Pgg gJe]e} Pgg[2], 22,2, Pgg/pg
pmg pmg pmg pmgl[2], 22,2 pmg/pg
cmm'’ cmm’ cmm'’ cmm[2], c222 cmm/cm
pm'm’ pm™m~ pm'm’ pmm[2]g 222 pmmi/p2
pmg pmg pmg pmg[2]s 222, pmg/p2
P9y Pgg PgY P9g(2], 22,2, Pgg/p2
cm'm’ cmm’ cm'm’ cmm([2], c222 cmm/p2
pmm
pmg
Pgg

a7



pm-+t

pg+t

pm+m'
pm+g
pPg+g

pg+m

cm+m'

pg,m+m'

pg+m’,g+m’

pm,m+m'

pm+g,g+m’

Pg.g+g

pm,g+g’

pm+g,m+g

cm+m',m+m'’

p4

p4t

pm+t

pg+t
pm+m-
pm+g
Pg+g
pg+m-

cm+m’

pg,m+m-

pg+m.,g+m-

pm,m+m-
pm+g.,g+m-

Pg.g+g

pm,g+g

pm+g,m+g-

cm+m’,m+m-

p4

p4t

cmm
pml'
P2pM
pgl
PapM’

p2an1

C,Mm

p2ag

C,Mm

cml
pPcM
pmm1'
Poamm’
comm'
pmgl
P2aMm
comm'
P2Mg
pggl
P2Mg
c,mm
cmml'
p.mm
p4

p4
p41'

Pp4

48

pm(2],

pm(2],

pm(2]5
cm[2],
pg[2];

cm[2],

pm(2];

pmm([2],

cmm[2],
pmm[2],
cmm[2],

pmg[2]s

pmg[2],

cmm[2]5

pmm([2],

pA[2]

p4[2],

b12
b12,
b'lm
ni2
b2,1
niz,

cal2

az2,2
n2,2,

a22
n22,

a2,2,

b2,2
n22

ca22

411

4/n11

pm/pm(m)
pm/pg
pm/pm(im)
cm/pm
pg/pg
cm/pg

pm/cm

pmm/pmg

cmm/pgg
pmm/pmm
cmm/pmg

pmMg/pgg

pmg/pmg

cmm/pmm

pmm/cmm

p4/p2

p4/p4a



p4m'm'

p4gm’

p4m'm
p4gm
p4'mm'

p4gm’

p4g+m',m+m'

p4m-+g,m+m'

p6
p3m'l
p31m'

p6'm'm

p6'mm'

pém'm'

p4m'm”

p4g'm’

p4'mm
pd'gm
p4 mm-°

p4gm’

p4g+m’,m+m"°

p4m+g’,m+m"°

p6’
p3m1l
p31m”

p6'mm

p6 mm-°

p6m'm”

pam’ pm4[2],
pag’ p4g[2],
p4m

p4g

p4m’ p4am([2],
p4g p4g[2],
p4m pam([2],
p4g p4g[2]s
p4m1'

pp4m’ p4am(2],
p4gl

Pp4m p4m(2]s
p3

p6 p6[2]
p3m1l p3m1[2]
p31m' p31m[2]
p3m1l

p31m

pe'm’ pém(2],
p6e'm p6m(2],
p6

p31'

p61’

pem’ pém(2],
p6m

p3m11'

p31m1'

pém1'

49

422
42,2

4272

42,2

422

42,2

4in2,2

4/n22

312
321

622
622

622

p4mip4
p4g/p4

p4m/cmm
p4g/cmm
p4m/pmm
p4g/pgg

p4mip4g

p4m/p4m

p6/p3

p3ml1/p3
p31m/p3

p6m/p31m
p6m/p3m1

p6m/p6



2. Rod Group Symbols

1 2 3 4 5
Triclinic 1 pl 1 P(11)1 1
2 pl 2 P(A1)1 7
Monoclinic/ 3 p211 6 P(12)1 2
Inclined
4 pm1l 3 P(1m)1 22
5 pcll 5 P(1lc)l 24
6 p2/m11 9 P(12/m)1 25
7 p2/c11 12 P(12/c)1 28
Monoclinic/ 8 pl12 7 P(11)2 3
Orthogonal
9 p112, 8 P(11)2, 8
10 pllm 4 P(11)m 23
11 p112/m 10 P(11)2/m 26
12 p112,/m 11 P(11)2,/m 27
Orthorhombic 13 p222 18 P(22)2 61
14 p222, 19 P(22)2, 62
15 pmm2 13 P(mm)2 34
16 pcc2 16 P(cc)2 35
17 pmc2; 15 P(mc)2, 36
18 p22m 14 P(2m)m 33
19 p2cm 17 P(2c)m 37
20 pmmm 20 P(2/m2/m)2/m
46
21 pccm 21 P(2/c2/c)2/m
47
22 pmcm 22 P(2/m2/c)2,/m
48
Tetragonal 23 p4 26 P4(11) 5
24 p4, 27 P4,(11) 11

50



25 p4, 28 P4,(11) 12

26 P4, 29 P4,(11) 13
27 pa 23 PA(11) 20
28 p4/m 30 P4/m(11) 29
29 p4,/m 31 P4,/m(11) 30
30 p422 35 P4(22) 66
31 p4,22 36 P4,(22) 67
32 p4,22 37 P4,(22) 68
33 p4,22 38 P4,(22) 69
34 p4mm 32 P4(mm) 40
35 p4.,cm 33 P4,(cm) 42
36 p4cc 34 P4(cc) 41
37 p42m 24 PA(2m) 49
38 p42c 25 PA(2c) 50
39 p4/mmm 39 P4/m(2/m2/m)

53
40 p4/mmc 40 P4/m(2/c2/c)

54
41 p4,/mmc 41 P4,/m(2/m2/c)

55

Trigonal 42 p3 42 P3(11) 4

43 p3; 43 P3,(11) 9
44 p3, 44 P3,(11) 10
45 p3 45 P3(11) 19
46 p312 48 P3(21) 63
47 p3,12 49 P3,(21) 64
48 p3,12 50 P3,(21) 65
49 p3ml 46 P3(m1) 38
50 p3cl 47 P3(c1) 39
51 p31m 51 P3(m1) 59

51



Hexangonal

56

57

58

52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73

74

75

52

p3ilc
p6
P6,
P6,
P63
p6,
P65

p6/m
p6s/m
p622
p6,22
p6,22
P6,22
p6,22
P6522
p6mm
p6cce
p6.mc
p6m2
p6c2

p6/mmm
p6/mcc

p6s/mmc

52
56
57
59
61
60
58
53
62
63
67
68
70
72
71
69
64
65
66
54
55
73

74

75

P3(cl) 60

P6(11) 6

P6,(11) 14
P6,(11) 15
P6,(11) 16
P6,(11) 17
P6(11) 18
PB(11) 21

P6/m(11) 31
P6,/m(11) 32

P6(22) 70
P6,(22) 71
P6,(22) 72
P64(22) 73
P6,(22) 74
P65(22) 75
P6(mm) 43
P6(cc) 44
P65(cm) 45
PB(M2) 51
PB(c2) 52
P6/m(2/m2/m)
P6/m(2/c2/c)
P6s;/m(2/c2/m)



6 7 8

(@)1 pl rl

(@)1 pl ri

(a):2 p112 ri12
(@)'m plim riml
(a)a plia ricl
(@):2:m pl12/m ri2/mi
(a):2:a pli2/a ri2/cl
()2 p211 r211
@2, P2, r2,

(a):m pm11 rmll
(@)2:m p2/m11 r2/m11
(@)2,:m p2,/m11 r2,/mi1
(a)2:2 p222 r222
()2,:2 p2,22 12,22
(@)2'm p2mm rzmm
(a)2-a p2aa r2cc

(@2, m p2,ma r2,mc
(@):2'm pmma rmma2
(a):2-a pma2 rmc2
(@)'m-2:m pmmm r2/m2/m2/m
(@)ra2:m pmaa r2/m2/c2/c
(@)m-2;:m pmma r2,/m2/m2/c
(a)4 p4 r4

(a)4, p4, r4,

53

1P1
1P1
1P2
mP1
gP1
mP2
gP2
2P1
2,P1
1Pm
2Pm
2,Pm
2P22
2,P22
2mmP1
2ggP1
2,mgP1
mPm2
gPm2
mmPm
ggPm
mgPm
4P1
4,P1



(@)-4,
(@)43
(a)2
(@)4:m
(a)4,:m
(a)4:2
(a)4,:2
(a)4,:2
(a)45:2
(@)4'm
(@)4,'m
(a)4-a
(@)4'm
(a)4-a
(@)'m-4:m
(@)a4:m
(@)'m-4,:m
(@)3
(@)3;
(@)3;
()8
(a)3:2
(@)°3,:2
(a)3,:2
(@)3'm
(a)3-a
(@)6'm

P4,
P43
p4
p4/m
p4,/m
p422
p4,22
p4,22
p4,22
p4mm
p4,ma
p4aa
p42m
p42a
p4/mmm
p4/maa

p4,/mma

rd,

rd,

r4

r4/m

r4,/m
r422
14,22
14,22
14,22
rdmm
r4,mc
rdcc

rdm2

rac2
r4/m2/mz2/m
r4/m2/c2/c
r4,/m2/m2/c
r3

r3;

r3,

r3

r32

r3,2

r3,2

r3am

r3c

r32/m

54

4,P1
4,P1
1P4
4Pm
4,Pm
4pP22
4,P22
4,P22
4,P22
4mmP1
4,mgP1
4ggP1
mP42
gP42
4mmPm
4ggPm
4,mgPm
3P1
3,P1
3,P1
3P1

3P2
3,P2
3,P2
3mP1
3gP1
3mP12



(a)6-a
(@)6
(@)6,
(@)6,
(@) 63
(@) 6,
(@) 6s
(@)3:m
(a)6:m
(a)'65:m
(a)6:2
(a)6,:2
(a)6,:2
(a)65:2
(a)6,:2
(a)65:2
(a)6'm
(a)6-a
(@)65'm
(@)'m-3:m
(@)a-3:m
(a)'m-6:m
(a)-a6:m

(@)'m-65:m

p6/m
p6s/m
p622
p6,22
p6,22
p6,22
p6,22
p6522
p6mm
p6aa
p6s;ma
pém2
p6a2
p6/mmm
p6/maa

p6;/mma

r32/c
ré

re,
re,
ré,
ré,
rég

ré
ré/m
rés/m
re22
16,22
16,22
16522
16,22
16522
remm
récc
ré;mc
réem2
réc2

ré/m2/m2/m
ré/ma2/c2/c
rés/m2/m2/c

55

3gP12
6P1
6,P1
6,P1
65P1
6,P1
6-P1
3Pm
6PmM
65PmM
6P22
6,P22
6,P22
6,P22
6,P22
6P22
6mmP1
6ggP1
6;mgP1
3mPm2
3gPm2
6mmPm
6ggPm
6;mgPm



3. Frieze Group Symbols

1 2 3 4 5
Oblique 1 pl rl rl 11
2 p211 r1 r112 112
Rectangular 3 pimil ri rim il
4 pllm ri1 rm Al
5 pllg r,1 rg ricl
6 p2mm ri1 rmm2 m?2
7 p2mg ro1 rgm2 2
6 7 8 9 10 11
(@) t 1 p[1](1)1 rl pl
(a):2 t:2 5 p[2](1)1 r2 pl2
(@):m t:m 3 p[1](2)m rim pril
(@)'m t'm 2 p[1](m)1 rlim pi
(a)a ta 4 p[1](c)1 rilg plal
(@):2'm t:2'm 6 p[2](m)m rzmm [pn2
(a):2-a t:2-a 7 p[2](c)m r2mg pr2

56



57



