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We demonstrate that it is not possible to extend Landau’s subgroup of index-three theorem
for continuous phase transitions to subgroups of index N with N # 3.

The Landau conjecture,! or subgroup of index-
three theorem, states that all phase transitions
between phases of an arbitrary symmetry G and all
subgroups H of index three in G are not continuous.
This was shown to be valid for the special case of cu-
bic to tetragonal phase transitions by Anderson and
Blount.? For phase transitions characterized by a de-
formation of the unit cell, a proof was given by Boc-
cara.’ General proofs of the subgroup of index-three
theorem have been given by Meisel, Gray, and
Brown* and Brown and Meisel.” These general
proofs show that all irreducible representations asso-
ciated with phase transitions between phases of an ar-
bitrary symmetry group G and subgroup H of index
three in G do not satisfy the Landau criterion! for
continuous phase transitions.

One may be tempted to believe that it would be
possible to extend this theorem in some simple way
to values of N # 3. We now show that the subgroup
of index-three theorem cannot be extended to a sub-
group of index-N theorem with N # 3. This is done
by constructing a group G and irreducible representa-
tion of G associated with a phase transition between
G and subgroup H of index N in G which satisfies the
subduction,® chain subduction,’ and Landau criteria’
for continuous phase transitions. As the case of
N =2 is well known,! we limit our discussion to the
case of N > 3.

Consider the group G = Cy X H, the direct product
of a cyclic group of order N generated by an element
denoted by ¢, c¥=E, and an arbitrary group H. The
irreducible representations of G are direct products of
the irreducible representations of the groups Cy and H.
The irreducible representations of Cy are one dimen-
sional, will be denoted by I'*, «a=0,1,2,...,N—1,
and are defined by

re(cf) =o*f , 1)
where o = e2™/¥. The irreducible representations of
H will be denoted by Dj;.

We consider the phase transition between G =Cy
X H and subgroup H of index N in G and the associ-
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ated physically irreducible representation

l—'l

Dg= -1 xDy . 2
Since I'! is complex, we have coupled I'! with
I'*=T%"1to form a single physically irreducible
representation.? Dj is the identity representation of
H. We now show that this representation Dg associ-
ated with this phase transition satisfies the subduc-
tion, chain subduction, and Landau criteria for a con-
tinuous phase transition.

(a) Subduction criterion: Let M} denote the
number of times the identity representation Dg of H
is contained in the representation Dg subduced on H,
i.e., restricted to the elements of the subgroup H of
G. A representation Dg; associated with a phase tran-
sition between phases of symmetry G and H satisfies
the subduction criterion if My > 0. The representa-
tion D¢ given in Eq. (2), with My =2, satisfies the
subduction criterion.

(b) Chain subduction criterion: Let G contain a
proper subgroup K which in turn contains the sub-
group H. A representation Dy associated with a
phase transition between phases of symmetry G and
H satisfies the chain subduction criterion if My
< My.

For the representation D¢, Eq. (2), of G =Cy X H,
My =2. Proper subgroups K of G are of the form
Cynyz X H where Z is a factor of N, and Z # 1 or N.
If N is prime, there are no such subgroups, and Dg
satisfies the chain subduction criterion. If N is not
prime, then using Egs. (1) and (2), M is calculated
from

1 (N/2)-1
MK=N_/Z 720 {exp[27ivy/(N/Z)]
+expl—2#7iy/(N/Z)]} . 3)

Since N/Z # 1, Mx =0, and Dy satisfies the chain
subduction criterion.

(c) Landau criterion: A representation Dy satisfies
the Landau criterion if the symmetrized cube of the
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representation does not contain the identity represen-
tation of G. We show that Dg, Eq. (2), satisfies the
Landau criterion by showing that the cube of Dg
does not contain the identity representation of G.
The number of times the identity representation of G
is contained in the cube of Dy is proportional to

N-1 N-1
3 (0P +w?)*=2Re| 3 (0¥ +0f)| . 4)
B=0 £=0

The N Nth roots of unity satisfy
Nl 0 if N is not a factor of v
Set=1 (5)
g=0 N if N is a factor of v

Since N > 3, the summation on the right-hand side
of Eq. (4) is zero and the identity representation of G
is not contained in the cube of Dg. Dg then satisfies
the Landau criterion.

The representation Dg, Eq. (2), associated with a
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phase transition between phases of symmetry G =Cy
x H and subgroup H of index N in G therefore satis-
fies the subduction, chain subduction, and Landau
criteria for continuous phase transitions. Conse-
quently, this is an example of an allowed phase tran-
sition between a phase of symmetry G and subgroup
H of index N > 3 in G. Thus the Landau subgroup
of index-three theorem can not be extended to sub-
groups of index N # 3.
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